The problem of two dimensional internal wave scattering by a vertical barrier in the form of a submerged plate, or a thin wall with a gap in an exponentially stratified fluid of uniform finite depth bounded by a rigid plane at the top, is considered in this paper. Assuming linear theory and the Boussinesq approximation, the problem is formulated in terms of the stream function. In the regions of the two sides of the vertical barrier, the scattered stream function is represented by appropriate eigen function expansions. By the use of appropriate conditions on the barrier and the gap, a dual series relation involving the unknown elements of the scattering matrix is produced. By defining a function with these unknown elements as its Fourier sine expansion series, it is found that this function satisfies a Carleman type integral equation on the barrier whose solution is immediate. The elements of the scattering matrix are then obtained analytically as well as numerically corresponding to any mode of the incident internal wave train for each barrier configuration. A comparison with earlier results available in the literature shows good agreement. To visualize the effect of the barrier on the fluid motion, the stream lines for an incident internal wave train at the lowest mode are plotted.
Introduction
Within the framework of linearised theory, a train of internal waves is incident from infinity on a bottom standing thin vertical barrier present in a stratified fluid of uniform finite depth, was considered by Larsen (1969) . He obtained the solution of the problem corresponding to incident internal wave of the lowest mode. The related problem of small horizontal oscillation of a barrier as a whole was investigated by Krutitsky (1988) . Later, Korobkin (1990) studied the motion of a body taken as a dipole source in a weakly stratified fluid in the presence of a bottom obstacle modeled as a thin vertical bottom standing plane barrier by utilizing Larsen's (1969) solution. Recently, Dolai (2011) , Dolai and Dolai (2013) studied the problems of internal wave scattering by a strip or elastic plate on the surface in a stratified fluid.
In this paper, we consider the problem of internal wave scattering by a vertical barrier in the form of a submerged plate or a wall with a submerged gap in an exponentially stratified fluid of uniform finite depth bounded above by a rigid plane. Due to the presence of the barrier in the stratified fluid, the incident waves (described by a stream function) are reflected back by the barrier with various modes and transmitted through the gap also with various modes. The reflected and transmitted internal waves are described by a scattering stream function which satisfies a boundary value problem in the fluid region. This stream function is expressed on both sides of the barrier by appropriate eigen function expansions involving the elements of the scattering matrix. By the use of appropriate conditions on the barrier and the gap, a dual series relation involving the elements of the scattering matrix is obtained. By defining a function on the barrier involving the elements of the scattering matrix as the coefficients of its Fourier series, the dual series relation reduces to a Carleman integral equation in a single integral for the submerged plate problem or in a double integral P.Dolai for the problem of a wall with a submerged gap. The solution of this integral equation for each case is obtained by standard technique. Using the solution of the appropriate integral equation, the elements of the scattering matrix and hence the stream function describing the resulting motion in the fluid for each case are obtained in principle, and for the lowest mode of the incoming internal wave train, these are evaluated explicitly. For both the barrier configurations, the stream lines are plotted graphically to visualize the effect of the barrier on the incoming internal wave train.
Formulation of the problem
A train of time-harmonic progressive internal waves is propagating along the positive x -direction in a channel of a stratified fluid, where we choose a rectangular Cartesian co-ordinate system , ,
x y z    in which the origin is taken as a point on the bottom, the x z   -plane as the lower rigid boundary, the y -axis vertically upwards and y H   as the upper rigid boundary.
For small motion in the fluid, let   , , u x y t    and   , , v x y t    denote the velocity components along , x y   directions respectively. In the case of a weakly stratified fluid, the density and pressure denoted by
where t is the time, , p  are perturbed density and pressure, respectively, and
Here, g is the acceleration due to gravity, ( ) 0 0  is the density at the bottom and L is the linear dimension characterizing stratification. Again, the continuity equation is
is the stream function describing the motion in the fluid region. We assume that , , , u v p  are small quantities so that their products and higher order derivatives can be neglected.
Assuming linear theory, the incompressibility condition produces 5) and the Euler dynamical equations become
Now, eliminating p from the coupled Eqs in (2.6) and using (2.5), we find
Again, using the relation (2.2) and eliminating  from Eqs (2.7) and (2.5), we obtain
Using the non-dimensional variables x, y, t defined by
and defining
and assuming H 1 L  (which is equivalent to the Boussinesq approximation for a weakly stratified fluid), we find that , , For time-harmonic motion with dimensionless frequency  , the time-dependence in ( , , )
In the absence of the barrier, progressive wave solutions for ( , )
where k is the mode, and these exist only when 0
Let a train of progressive internal waves represented by the stream function Re  
be propagating along the positive x -direction, where k is the mode of the internal wave.
In the absence of a barrier, the train of internal wave of mode k will propagate in the fluid without any distortion. However, due to the presence of the barrier the incident internal wave train will be scattered by the barrier. Let ( , ) x y  denote the stream function of the scattered wave such that total inc   . Then ( , ) x y  satisfies (2.11) and (2.12) together with 
Method of solution
The solution ( , ) x y  satisfying Eq.(2.11) and the conditions (2.12), (2.16) and (2.15) are given by
where the unknown constants 
, the vertical component of scattering velocity at x 0  . Because of the condition (3.2), 
This is a Carleman type integral equation and its solution can be obtained as follows. Differentiation of both sides with respect to y produces a first kind singular integral equation with a Cauchy type kernel in the form
where the integral is in the sense of Cauchy principal value
Case (a):
  
is given by (cf. Mikhlin (1964) , Gakhov (1966 ), Cooke (1970 
where C is an arbitrary constant and the integral is in the sense of Cauchy principal value. Thus 
The constant C can be evaluated by substituting the solution ( ) 
Case (b):
This corresponds to a vertical wall with a submerged gap between y   to y   . Here Korobkin (1990) . The scattering co-efficients
are also obtained here directly as a limiting process from the plate problem or the wall with a gap problem by a numerical procedure. These coincide with the numerical values of k k p given by Korobkin (1990) obtained analytically. This is discussed in some detail.
Again, if we make 0   , then the lower part of the wall becomes non-existent and the wall assumes the form of a top-piercing barrier. In this case the expression for ( ) p have been respectively given explicitly by Korobkin (1990) as -3/4, -7/16, -9/16 i.e., -0.75, -0.4375, -0 .5625 who calculated these directly from the bottom standing barrier problem, and these coincide with our results upto two decimal places. This shows the correctness of the numerical scheme used here.
The scattering co-efficients for a top-piercing barrier can also be obtained from the results of the plate problem by making    . In this case, the following -0.618495 -0.366265 -0.645788 Again, to check the validity of the numerical scheme followed here, we have made    and / 2    so that the wall assumes the form of a bottom standing barrier. The entries in Tab.7 coincide with the entries in Tab.4 almost 2 to 3 decimal places. It may be noted that while the entries in Tab.7 are calculated as a limiting process from the problem of a wall with a gap and the entries in Tab.4 are calculated as a limiting process from the plate problem. This again confirms the correctness of the numerical method utilized here.
P.Dolai
When a barrier is introduced along the line x=0, the corresponding stream lines are depicted in Figs 2 to 5. 
Conclusion
Scattering of internal waves by a thin vertical barrier in the form of a submerged plate or wall with a gap submerged in an exponentially stratified fluid of uniform finite depth under a rigid plane is studied here under the assumption of linear theory and Boussinesque approximation. The problem is formulated in terms of the stream function describing the motion in the fluid. The elements of the scattering matrix and the stream function are obtained through the solution of a Carleman integral equation for any mode of the incident internal wave. The scattering coefficients are also obtained numerically and some results are compared with the results available in the literature. Good agreement is seen to have been achieved. For the lowest mode of the incident internal waves, the stream lines are drawn to visualize pictorially the effect of the barrier for its various configurations.
